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3 Escuela de Administració n, Universidad del Rosario, Calle 200 entre Autopista 
Norte y Carrera Séptima, Bogotá D.C. Colombia. 
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Research Paper 

Abstract: This work assesses robust optimization as a solution method for the combined 
issue of vehicle routing and inventory management, adding different characteristics. 
Thus, its behavior may resemble the industry’s current reality. This work also emphasizes 
the utilization of time windows, considers possible disruptions to the routes that connect 
the different nodes, and includes a Green Factor assessment. For these purposes, the 
minimax regret criteria is applied to a set of pre-established instances from the 
literature, adding the necessary information requirements to evaluate how the method 
behaves through different parameter combinations, thus changing the number of nodes, 
costs, and available alternatives and scenarios. The study compares the solutions 
achieved against the solutions from the classical model to assess the relation between 
the results from the exercise and the different parameter modifications implemented, 
achieving a 40% improvement in the total cost algorithm—proportional to the increase 
in the alternatives and scenarios assessed. The approach proposed allow us to create 
disruption scenarios to the distribution process, which are connected to the 
mathematical optimization problem that allow us to determine the best routing process 
given the uncertainty associated to the disruption events. Our results also allow us to 
analyze the trades off between the green factors when they are included in the objective 
function and the results without them. 

Keywords: disruption, green factors, inventory, robust optimization, routing, time 
windows.
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1. Introduction 

The inventory routing problem (IRP) has gained considerable relevance in different 
industries seeking to become more competitive within their own markets. This is 
mostly due to its easier application based on the evolution of computational tools and 
techniques aimed at improving distribution processes. 

Applying these mathematical formulations to different real business situations is 
one of the challenges addressed in the scientific literature, wherein several 
characteristics have been considered and different solution methods have been 
proposed to address these issues. Some of these problems include meeting customer 
demands for a single deposit, fixed setup costs (Lou et al., 2009), meeting demands 
through partial deliveries (Baita et al., 1998), vehicle fleet heterogeneity, excessive 
loading and unloading times, and time gaps between visits (Coelho & Laporte, 2015), 
among others. 

However, most of these models neither consider disruptions to the natural process 
of product distribution or delivery to customers or consumers nor possible route 
disruptions caused by situations such as heavy traffic, vehicle reliability, and traffic 
accidents, among others (Morales et al., 2017). Within this context, these models have 
been mostly aimed at cost minimization through route optimization; however, they 
have failed to consider the environmental impacts from vehicle emissions (Lou et al., 
2009), which are currently one of the main approaches within the industry. 

Hence, the route disruptions application to IRPs with time windows, coupled with 
an assessment of the green factors involved, is an extension of previous research 
conducted by different authors seeking to provide an environmental approach to 
everyday issues. 

This paper introduces a new mathematical modeling approach combined with 
minimax regret criteria, wherein the classical modeling applied to this problem has 
been adapted, thereby extending the decision criterion to include route disruptions as 
a source of uncertainty. In addition, an environmental factor analysis approach is 
conducted for the problem under study to assess the behavior of these environmental 
factors within the decision-making process. 

This paper is organized as follows. Section II contains a literature review focusing 
on the solution characteristics and methods previously applied, thus providing a 
general approach to the problem. Section III denotes the mathematical formulations 
along and identifies the additional built-in features. Next, Section IV conducts an 
analysis and assessment of the model proposed based on instances from the literature, 
and Section V outlines our conclusions. 

1.    State of the art and related works 

The Inventory Routing Model is an optimization problem in which one or more 
deposits manage node inventory levels to find the most efficient way to meet their 
individual demands. This is often achieved by minimizing costs, such as transportation 
costs and inventory management costs (Eliseo Pérez Kaligari, 2015) 
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Figure 1. Classic IRP Model. 

This model defines vehicle routes at different periods of time to satisfy node 
demands while maintaining proper inventory levels at each node. As it may be 
observed in Fig. 1, for each T time interval, inventory levels, therein depicted by the 
bars, change. These variations are subject to the number of items received by each 
vehicle minus the demand satisfied at each time period, without exceeding node 
storage capacities or vehicle transportation capacities. We will present some of the 
most relevant works related to the Inventory Routing Problem and its extensions, 
followed by the articles which combines robust optimization as an extension of the IRP 
(Agyingi et al., 2016). 

The IRP is deemed as a variation of the vehicle routing problem (VRP) first 
introduced by Dantzig and Ramser (Pillac et al., 2013). Likewise the VRP, the IRP has 
experienced several variations, and different solution methods have been proposed, 
such as including time windows (Baita et al., 1998), multi-deposit inventory routing 
problems with n numbers of clients (Lou et al., 2009), cyclic vs reactive planning 
problems (Raa, 2014), as well as solving bi-objective problems through meta- 
heuristics (Nekooghadirli et al., 2014). 

Throughout different studies, IRPs have focused on two main trends, adding new 
features to the model and proposing new solution methods, with some works even 
combining these two trends. Some examples of these works will be discussed below. 
In 2012, Yugang Yu et al. published a paper on the Stochastic Inventory Routing 
problem with Split Delivery, wherein demands were met by using two or more vehicles 
for each node within a certain time interval (Yu et al., 2012). In 2013, Coelho and 
Laporte proposed a branch-and-cut algorithm to solve several variants of the IRP, 
especially the multiple vehicle problem with homogeneous and heterogeneous fleets, 
wherein they conducted an extensive computational analysis (Coelho & Laporte, 
2013). 

In 2014, Nekooghadirli introduced a bi-objective model that considers a multi- 
period and multi-vehicle system. As this study seeks to minimize both transportation 
costs and travel times, a Multi-Objective Imperialist Competitive Algorithm is 
effectively used to resolve the problem proposed (Nekooghadirli et al., 2014). In 2015, 
Zhang applied robust optimization to maritime IRPs, providing solutions to high- 
uncertainty routing logistics problems within the maritime industry (Zhang, 2015). 

In 2016, Merakli proposed linear mixed integer programming formulations using 
min-max criteria and devised two exact solution algorithms based on Bender’s 
decomposition to solve large-scale problems. This work is one of the first ever to model 
demand uncertainties through a polyhedral set (Meraklı & Yaman, 2016). Li Liao 
proposed a genetic algorithm model for finite-time problems with a deterministic 
demand and homogeneous fleet applied to the agricultural product supply chain (Liao 
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et al., 2013). Stefan Treitl also proposed an IRP model algorithm for the petrochemical 
industry, which involves several environmental aspects (Treitl et al., 2014). 

Since Inventory Routing Models are based on distribution models, they are 
frequently used by service and courier companies. However, their application has been 
extended to other fields with similar behaviors. Likewise, the different solution models 
proposed in the literature have also expanded their fields of application. For instance, 
one model was specifically developed for the distribution of industrial gases, wherein 
the authors use a three-phase heuristic to solve a finite-time model with deterministic 
demand and a single deposit serving multiple nodes through a homogeneous fleet (Day 
et al., 2009). 

In 2020, Ortega proposes using meta-heuristic search techniques to solve an IRP 
with Time windows, adding two variables to the classic model with the intention of 
matching the problem to the real business world (Ortega et al., 2020). In his work, 
Yavari includes route disruptions in IRPs through a demand management model 
through genetic algorithms (Yavari et al., 2020), thus revealing the need to consider 
aspects that directly affect routing problems. 

These meta-heuristics have been widely used in problems, such as the IRP, and 
several improvement proposals have been developed. For example, Saif-Eddine 
proposed one using an improved genetic algorithm to optimize supply chains (Saif-
Eddine et al., 2019). More recent models, such as the work proposed by Jie Zhu, are 
starting to consider uncertainty factors. Here, the author applies a Kernel distribution 
to robust optimization models in order to determine the best scenario within which 
possible disruptions may occur (Zhu et al., 2020). 

These robust optimization models have also been applied to different other fields, 
such as in the work proposed by Lin, where the model is used to solve manifold 
inferences (Lin et al., 2020), or the work proposed by Houska, where the model is used 
in predictive control models (Houska & Villanueva, 2019). 

As it may be observed, IRPs have been highly studied in the literature from the 
standpoint of applicability and computational complexity. They also continue to 
exhibit considerable relevance in current research work and are commonly 
implemented at companies because when and how much inventory must be 
replenished to meet customer demands while still reducing costs to a minimum 
remains one of the most relevant business questions for companies (Kleywegt et al., 
2004). 

However, including uncertainty in these models is yet to be widely explored, 
especially focusing on routes between nodes and representing situations such as 
heavy traffic, vehicle reliability, and traffic accidents, among others, while still 
assuming a 100% probability of success for all trips (Morales et al., 2017). 

In terms of include disruptions applied to the Inventory Routing Problem, there are 
some recent works that have treated the problem. For example, Golsefidi and Jokar 
(2020) propose the use of robust optimization for a combined problem of production- 
routing where authors proposed a mixed integer linear programming model 
contrasting the deterministic version with the stochastic one (Golsefidi & Jokar, 2020), 
also given the complexity of the problem, some metaheuristics are developed over 
different instance sizes and their performance are evaluated. In the same context of 
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managing the uncertainty for an extension of the Inventory Routing Problem, Liu, 
Zhang, and Yuan (2021) proposed a distributionally robust optimization approach 
where the sailing and waiting times are the parameters with uncertainty (Liu et al., 
2021). To track the problem authors proposed the use of a decomposition approach 
and their results are compared with a real case instance. In the same sense, there are 
some applications in different areas of robust optimization with inventory routing 
problems as those presented by Frifita, Afsar, and Hnaien (2022) and Shang et al. 
(2022) (Frifita et al., 2022; Shang et al., 2022). 

The contribution of this paper can be summarized as follows: we propose the 
inclusion of the routing disruptions over the arcs to modeling real life restrictions 
when the distribution problems are connected to the availability of roads, also, we 
have proposed the use of the robust optimization approach to analyze the solutions 
when disruptions are considered. Finally, we include the environmental factors, that 
is a crucial characteristic of decision making. 

Hence, this study seeks to introduce route disruptions, thereby echoing situations 
where deliveries are affected by route disruptions and proposing a solution method 
for this problem as an extension of previously published research studies (Morales et 
al., 2018; Morales et al., 2017). 

2. Mathematical formulation 

The model proposed preserves the classic model scheme presented by Archetti et 
al. (2014) (Archetti et al., 2014), wherein a “Node 1” deposit distributes quantities of 
the same product to a set of nodes Vp = {2,…,n}, within a planning horizon, P. The 
deposit releases a certain product quantity 𝑟𝑡𝑡 after each T= {1,...,P} period. 

For each t ∈ T period, the nodes evidence a dti demand less than or equal to the 
warehouse capacity of Ci. Likewise, for each i node, an initial inventory level of I0i and 
a safety stock of Li is defined. The ending inventory IIt for each period is a decision 
variable calculated by the model, where cij represents the Euclidean distance between 
two points. 

During the t period, each customer is visited by the k = {1, …, K} vehicle and received 
a qi,k,t quantity of product. Here, Yi,k,t= {0,1} is the binary variable that controls whether 
the corresponding node was visited through the Xi,j,k,t={0,1} route, which represents 
whether the distance between the two related nodes was covered. Since the fleet is 
homogeneous, this quantity received must be less than the vehicle capacity of Qk. 

In addition to these basic model characteristics, the following are also considered 
in this work: 

1. Here, ei,k,t represents the initial time of service for each i  node from each k, where 
t must exceed the lower limit of the time window ai and not exceed the upper limit 
of bi. In addition, service times directly impact travel times. 

2. As part of the time window restrictions, time windows are linearized by Mij. The 
value of this variable will be bi + si + cij – aj if the ai + si + cij > 0 condition is met. 
Otherwise, its value will be 0. 

3. A new Eijktzf variable is generated to calculate emission levels for each route 
segment traveled. 
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The mathematical model is characterized by the following constraints: 

𝑀𝐼𝑁 𝑍 = ∑ ∑ ℎ𝑖𝐼𝑖
𝑡,𝐴𝑙𝑡,𝐸𝑠𝑐

𝑡𝜖𝑇𝑖𝜖𝑉

+ ∑ ∑ ∑ ∑ 𝑐𝑖𝑗
𝑧𝑓

𝑡𝜖𝑇

𝑋𝑖𝑗
𝑘𝑡

𝑘𝜖𝐾

+

𝑗𝜖𝑉𝑖𝜖𝑉

∑ ∑ ∑ ∑ 𝐸𝑖𝑗
𝑘𝑡

𝑡𝜖𝑇𝑘𝜖𝐾𝑗𝜖𝑉𝑖𝜖𝑉

 (1) 

Subject  to  

𝐼1
𝑡 = 𝐼1

𝑡−1 + 𝑟𝑡 − ∑ ∑ ∑ 𝑞𝑖𝑗
𝑘𝑡

𝑘𝜖𝐾𝑗𝜖𝑉𝑝𝑖𝜖𝑉𝑝             Ɐ 𝑡 ∈ 𝑇           (2) 

𝐼0𝑡 ≥ 0     Ɐ 𝑡 ∈  𝑇   (3) 

𝐼𝑖
𝑡𝑧𝑓

= 𝐼𝑖
𝑡−1 + ∑ ∑ 𝑞𝑗𝑖

𝑘𝑡

𝑗𝜖𝑉𝑝𝑘𝜖𝐾

− 𝑑𝑡𝑖
𝑡         Ɐ 𝑖 ∈ 𝑉𝑝, 𝑡 ∈ 𝑇 (4) 

𝐼𝑖
𝑡 ≥ 0         Ɐ 𝑖 ∈ 𝑉𝑝, 𝑡 ∈ 𝑇 (5) 

𝐼𝑖
𝑡 ≥ 𝐿𝑖          Ɐ 𝑖 ∈ 𝑉𝑝, 𝑡 ∈ 𝑇  (6) 

𝐼𝑖
𝑡 ≥ 𝐶𝑖          Ɐ 𝑖 ∈  𝑉𝑝, 𝑡 ∈  𝑇  (7) 

∑ ∑ 𝑞𝑗𝑖
𝑘𝑡 ≤ 𝐶𝑖 − 𝐼𝑖

𝑡−1,𝑧𝑓

𝑗𝜖𝑉𝑝𝑘𝜖𝐾

      Ɐ 𝑖 ∈ 𝑉𝑝, 𝑡 ∈ 𝑇 (8) 

∑ ∑ 𝑞𝑗𝑖
𝑘𝑡 ≤ 𝐶𝑖 ∑ ∑ 𝑋𝑖𝑗

𝑘𝑡𝑧𝑓

𝑘𝜖𝐾𝑗𝜖𝑉𝑗𝜖𝑉𝑝𝑘𝜖𝐾

    Ɐ 𝑖 ∈ 𝑉𝑝, 𝑡 ∈ 𝑇 (9) 

∑ ∑ 𝑞𝑗𝑖
𝑘𝑡 ≤ 𝑄𝑘

𝑗𝜖𝑉𝑝𝑘𝜖𝐾

    Ɐ 𝑡 ∈ 𝑇, 𝑘 ∈  𝐾      (10) 

∑ 𝑞𝑗𝑖
𝑘𝑡

𝑗𝜖𝑉𝑝

≤ 𝑌𝑖
𝑘𝑡𝐶𝑖       Ɐ 𝑖 ∈  𝑉𝑝, 𝑡 ∈ 𝑇, 𝑘 ∈  𝐾      (11) 

∑ 𝑋𝑖𝑗
𝑘𝑡

𝑗𝜖𝑉

= ∑ 𝑋𝑗𝑖
𝑘𝑡

𝑗𝜖𝑉

       Ɐ 𝑖 ∈  𝑉𝑝, 𝑡 ∈ 𝑇, 𝑘 ∈  𝐾      (12) 

∑ 𝑋𝑖𝑗
𝑘𝑡

𝑗𝜖𝑉

= 𝑌𝑖
𝑘𝑡       Ɐ 𝑖 ∈  𝑉𝑝, 𝑡 ∈ 𝑇, 𝑘 ∈  𝐾      (13) 

∑ 𝑋1𝑗
𝑘𝑡

𝑗𝜖𝑉𝑝

≤ 1       Ɐ 𝑘 ∈  𝐾, 𝑡 ∈ 𝑇      (14) 

∑ 𝑌𝑖
𝑘𝑡

𝑘𝜖𝐾

≤ 1       Ɐ 𝑖 ∈ 𝑉𝑝, 𝑡 ∈ 𝑇      (15) 

𝑋𝑖𝑗
𝑘𝑡, 𝑌𝑖

𝑘𝑡 ∈ {0, 1}        Ɐ 𝑖, 𝑗 ∈ 𝑉𝑝, 𝑖 ≠ 𝑗, 𝑡 ∈ 𝑇, 𝑘 ∈ 𝐾      (16) 

𝑒𝑖
𝑘𝑡 + 𝑠𝑖 + 𝑐𝑖𝑗 − 𝑒𝑗

𝑘𝑡(𝑋𝑖𝑗
𝑘𝑡)𝑀𝑖𝑗            Ɐ 𝑖 ∈ 𝑉, 𝑗 ∈ 𝑉𝑝, 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇, 𝑖 ≠ 𝑗      (17) 

𝑒𝑖
𝑘𝑡 ≥ 𝑎𝑖        Ɐ 𝑖 ∈ 𝑉𝑝, 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇      (18) 
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𝑒𝑖
𝑘𝑡 ≥ 𝑏𝑖        Ɐ 𝑖 ∈ 𝑉𝑝, 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇       (19) 

𝑒1
𝑘𝑡 = 0        (20) 

𝐸𝑖𝑗
𝑘𝑡𝑧𝑓

= (𝑃𝑂 +
𝑃𝐹 − 𝑃0

𝑄𝑘
∗ 𝑞𝑖𝑗

𝑘𝑡𝑧𝑓
× 𝑐𝑖𝑗

𝑧𝑓
× 𝑥𝑖𝑗

𝑘𝑡𝑧𝑓
                  ∀ 𝑖 ∈ 𝑉, 𝑗 ∈ 𝑉𝑝, 𝑘 ∈ 𝐾, 𝑡

∈ 𝑇 | 𝑗 ≠ 𝑖 

     (21) 

where equations (2)–(6) represent the inventory restrictions which guarantee that 
the final inventory is within the limits established for each node i, as well as that their 
values are not negative. Equations (7)–(9) represent the capacity constraints for each 
node i. These equations guarantee that neither the final inventory nor the quantity 
received by each customer exceeds its storage capacity. Equation (10) guarantees 
compliance with the vehicle capacities defined as k. 

Equations (11)–(15) represent routing restrictions, which guarantee the correct 
functioning of the routes defined and reveal the decisions made by each vehicle in each 
node at each time interval. Equation (16) represents the type of variables constraints. 
Equations (17)–(20) guarantee that each node i complies with time windows within 
the t period, thus allowing each i node to be served within the defined time. For these 
equations, we are assuming a constant velocity of 1 unit of distance per each unit of 
time. 

These time windows are generated externally and introduced to the algorithm as a 
parameter. They are randomly created using a uniform distribution based on the work 
by (Eliseo Pérez Kaligari, 2015). The time window creation process can be expressed 
as follows: 

𝐿𝐼𝑉1 = 𝐿𝐼                                    (22) 

𝐿𝑆𝑉1 = 𝐿𝑆                        (23) 

𝐿𝐼𝑉𝑖 = [𝐴1𝑖 (𝐿𝑆 − 𝐿𝐼)] + 𝐿𝐼 Ɐ 𝑖 ∈ 𝑉𝑝                        (24) 

𝐷𝑈𝑅𝑖 = [𝐴2𝑖 (𝑅𝑆 − 𝑅𝐼)] + 𝑅𝐼           Ɐ 𝑖 ∈ 𝑉𝑝                        (25) 

𝑆𝑖 {
𝐿𝐼𝑉𝑖 + 𝐷𝑈𝑅𝑖 ≥ 𝐿𝑆 → 𝐿𝑆𝑉𝑖 = 𝐿𝑆

𝐿𝐼𝑉𝑖 + 𝐷𝑈𝑅𝑖 < 𝐿𝑆 → 𝐿𝑆𝑉𝑖 = 𝐿𝐼𝑉𝑖
        Ɐ 𝑖 ∈ 𝑉𝑝 

                        (26) 

Where: 

LI = The lower limit for a given time interval 
LS = The upper limit for a given time interval 
IR = The lower limit of the possible time window range  
RS = The upper limit of the possible time window range  
𝐴1𝑖= A random number generated for the i node 
𝐴2𝑖 = A random number generated for the i node 
𝐿𝐼𝑉𝑖 = The upper limit of the time window for the i node 
𝐿𝑆𝑉𝑖= The upper limit of the time window for the i node 
𝐷𝑈𝑅𝑖= The duration of the time window for the i node 

As part of the model’s target function, environmental factors will measure the 
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environmental impact generated by the routing proposed. In our case, the 
environmental impact will be measurement through the vehicle emissions according 
to the assigned load and the route traveled, as represented by (21). Where: 

P0 = CO2 level x unloaded vehicle 
PF = CO2 level x fully loaded vehicle 

These values are input as parameters to the algorithm proposed by Lou et al. 
(2009). Decision-making problems pose different situations in which decisions must 
be made based on options and information available (Martínez Ortega, 2017). Due to 
the nature of these problems, some optimization methods have been developed based 
on decision-making methods, such as the minimax regret proposed by Savage. 

This method considers a set of options and uses the one that generates the least 
regret based on the results from the decision that would have been made if all the 
information had been known a priori. To adapt this method to our model, two 
additional sets are established as “alternatives” and “scenarios” in the base model 
above. This way, route disruptions can be represented, and the required parameters 
can be created for the minimax regret robust optimization model. A description of 
these adaptations is discussed below. 

Alternatives: In the proposed approximation, route disruptions are used to 
represent the routing delays as shown in Fig. 2 below. Here, we can observe 
disruptions in routes 1–2, 3–6, and 4–5, which means that the routes specified have 
experienced a type of disruption. 

 

Figure 2. Routing with Disruptions. 

Scenarios: These are the possible scenarios created by the mathematical model to 
support decision making, e.g., working hours and distribution shifts. Each scenario 
may consider different alternatives as denoted in Fig. 3. 

 

Figure 3. Scenarios with Different Alternatives (left alternative 1, right alternative 2). 

In this way, the model assesses the impact from disruptions on transfer times, from 
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node a to node b, and the impact generated in the target function. This way, we can 
compare routing costs and their corresponding increase or decrease to select the best 
possible option. 

In our model, alternatives and scenarios are externally generated and introduced 
into the algorithm as parameters for the following equation: 

𝑐𝑖𝑗
𝑧𝑓

= [|𝑝𝑦𝑗 − 𝑝𝑦𝑖| + |𝑝𝑥𝑗 − 𝑝𝑥𝑖|] × 𝐴𝐿𝑇𝑧𝑓 ×  𝐸𝑆𝐶𝑧𝑓                (27) 

Where: 

Altzf = Random number generated for the different alternatives  
Esczf = Random number generated for the different scenarios 
pxi / pvi = Node i coordinates on the x and y axes, respectively 
pxj / pvj = Node j coordinates on the x and y axes, respectively 

With these values, regret will be calculated through the minimax regret algorithm. 
For the purposes hereof, “regret” shall be understood as the loss of benefits compared 
to the decision that should have been made if we had known the scenario that was 
going to occur according to the model proposed by Savage (Martínez Ortega, 2017). 
These new elements of disruption are formulated through the following equations, 
wherein scenario and alternative selections are proposed as follows: 

𝑆𝑜𝑙𝑧,𝑓 = 𝑀𝐼𝑁 𝑍 (28) 

𝐴𝑢𝑥𝑧,𝑓 =
max

𝑧 = 1, … 𝑁𝑢𝑚𝐴𝑙𝑡
{𝑆𝑜𝑙𝑧,𝑓} − 𝑆𝑜𝑙𝑧,𝑓          ∀ 𝑧 ∈ 𝐴𝑙𝑡, 𝑓 ∈ 𝐸𝑠𝑐 

 

(29) 

𝑉𝑒𝑐2𝑧 =
max

𝑓 = 1, … 𝑁𝑢𝑚𝐸𝑠𝑐
{𝐴𝑢𝑠𝑧,𝑓}     0𝐴𝑢𝑥𝑧,𝑓       ∀ 𝑧 ∈ 𝐴𝑙𝑡, 𝑓 ∈ 𝐸𝑠𝑐 

(30) 

𝑀𝑎𝑥𝑉𝑎𝑙𝑢𝑒=
min

𝑧 = 1, … 𝑁𝑢𝑚𝐴𝑙𝑡
 {𝑉𝑒𝑐2𝑧}  =

min 
𝑧 = 1, … 𝑁𝑢𝑚𝐴𝑙𝑡

{
max {𝐴𝑢𝑥𝑧,𝑓}
𝑓 = 1, … 𝑁𝑢𝑚𝐸𝑠𝑐

} 

(31) 

Where: 

Sol(Alt,Esc) = Model solutions for each z and f 

Vec(Esc) = Vector that stores the maximum value for each scenario 

Aux(Alt,Esc) = Auxiliary Matrix that stores the difference between the Maximum Vector 
for each scenario and the model solution for each z and f 

Vec2(Alt) = Vector that stores the maximum value for each Alternative from the 
Auxiliary Matrix 

MaxValue = Variable that stores the minimax regret  

TotEm(Alt,Esc) = Matrix that stores the total emissions for each z, f 

MinValue = Variable that stores the minimum value for the selected scenario Hence, 
we can describe the model as follows: 
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𝑀𝑖𝑛  {
𝑚𝑎𝑥

𝑓 = 1, … 𝑁𝑢𝑚𝐸𝑠𝑐 {𝐴𝑢𝑥𝑧,𝑓
}}                                          (32) 

Subject to: 

where X is a restriction set [(1)–(21)] 

 

 

3. Results and analysis 

This section assesses the results obtained from the algorithm according to the 
processes above. Here, we test different alternatives and scenarios to determine 
whether a relationship exists between the number of alternatives and scenarios and 
the result obtained. This experiment was programmed using the FICO XPRESS 8.8 
optimization software where we use the disruption information as an input for the 
mathematical optimization model. 

In addition, this study seeks to analyze emission behavior in relation to the number 
of alternatives and scenarios, as well as how they impact the target function. For this, 
the instances from Cohelo and Laporte available at http://www.leandro- 
coelho.com/instances/inventory-routing/ were considered, these instances provides 
the demand of nodes, the coordinates between each echelon, capacity of 
transportation, inventory and transportation costs as well inventory limits. These 
instances are split into 3 and 6 time periods and high and low costs. As model input 
parameters, these instances were modified by adding the following: 

 Time window limits 

 Service times at each node 

 Route disruptions 

Based on the design of the test instances previously detailed, four types of instances 
will be assessed. with the following characteristics, as shown in Table 1, Table shows 
the characteristics of test instances with the different elements considered per type of 
cost and time periods. 

Table 1. Test instances 
 HighCost H3 LowCost H3 HighCost H6 LowCost H6 

Planning Horizon 3 3 6 6 
Warehouse Inventory Cost 0.3 0.03 0.3 0.03 

Node Inventory Cost 0,1<= x <= 0,5 0,01<= x <= 0,05 0,1<= x <= 0,5 0,01<= x <= 0,05 
Number of Nodes n = 5, 10, 15, 20 n = 5, 10, 15, 20 n = 5, 10, 15, 20 n = 5, 10, 15, 20 

Alternatives 5 5 5 5 
Scenarios 5 5 5 5 

Below is an example of the application of the High Cost H3 instances for variations with 
1 alternative and 1, 2 and 3 scenarios, respectively, this instance is composed by three 
time periods. 

In Figs. 4–6, the resulting routes can be differentiated for each vehicle k in each 
period t for each scenario/alternative combination. These figures denote the value of 
the target function obtained as well as the total emissions according to the conventions 
specified. In Figs. 4-6 we analyze the contrast between different scenarios 

http://www.leandro-coelho.com/instances/inventory-routing/
http://www.leandro-coelho.com/instances/inventory-routing/
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(disruptions) and alternatives, therefore, after running the optimization model with 
the information related, we can calculate the total objective function and the emissions 
estimated. In this sense, we can choose which is the best alternative for each scenario. 
The three figures shows for each alternative and the same scenario, the results of 
which period of time and which vehicle is used to distribute product to a specific 
customer. 

 

Figure 4. High Cost H3 E1A1 

 

Figure 5. High Cost H3 E2A1 
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Figure 6. High Cost H3 E3A1 

Here, it can be observed that Scenario 3 with Alternative 1 achieves a lower value 
in the target function while maintaining lower emission costs than Scenario 1, thus 
being considered as the best decision based on the different proposed conditions. The 
minimax regret algorithm presented in Section III selects the alternative and scenario 
combination that provides the best results, as has just been observed. In the same way, 
as the number of scenarios increases, the target function decreases. For this reason, 
whether this same behavior is generated for all the instances will be verified. 

For this evaluation, Table 2 below denotes the results from each scenario and 
alternative iteration where columns represent the scenario and rows the alternatives 
and the results obtained in costs for each combination. Based on these results, the 
percentage impact when increasing these parameters can be assessed, as it may be 
observed in Table 3. 

Table 2. Target function summary 
Alt / Esc 1 2 3 4 5 Total 

1 474.094 426.781 403.302 389.555 384.307 2.078.040 
2 441.710 384.529 372.297 374.411 363.222 1.936.170 
3 389.3592 349.262 354.410 323.558 313.773 1.730.364 
4 434.693 350.333 314.869 330.498 326.435 1.756.830 
5 396.028 332.475 356.620 283.644 282.352 1.651.122 

Total 2.135.886 1.843.381 1.801.499 1.701.669 1.670.091 9.152.528 

Table 3. Increases vs. No. of Alternative/Scenarios 
Alt / Esc 1 2 3 4 5 
1 0% -10% -15% -18% -19% 
2 -7% -19% -21% -21% -23% 
3 -18% -26% -25% -32% -34% 
4 -8% -26% -34% -30% -31% 
5 -16% -30% -25% -40% -40% 

The 1 Alternative–1 Scenario combination represents the original model against 
which we can observe a cost decrease proportional to the number of scenarios and 
alternatives entered as parameters in the proposed methodology. Here, the 
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combination of five scenarios and five alternatives decreases costs by 40%, which 
represents the best results for the minimization objective, and it is consistent with the 
results from in Figs. 2–4. 

The total costs from the target function decrease proportionally as the number of 
alternatives and/or scenarios entered as parameters increase, thus guaranteeing 
better results. This is consistent with the results from Figs. 4–6. On the other hand, 
Tables 4 and 5 present the results of the emissions and the increasing values of these 
emissions in each combination of alternative/scenario. 

Table 4. Emissions Summary Table 
Alt / Esc 1 2 3 4 5 General Total 

1 $6.537 $7.632 $8.303 $7.995 $7.943 $38.412 
2 $7.743 $7.647 $8.998 $8.705 $8.493 $41.588 
3 $8.166 $8.460 $8.291 $7.916 $8.522 $41.358 
4 $7.769 $8.694 $9.040 $8.543 $8.765 $42.814 
5 $8.527 $8.754 $8.491 $7.441 $7.745 $40.960 

General Total $38.744 $41.190 $43.125 $40.602 $41.471 $205.134 

Table 5. Emissions Summary Table Scenarios 
Alt / Esc 1 2 3 4 5 

1 0% 17% 27% 22% 22% 
2 18% 17% 38% 33% 30% 
3 25% 29% 27% 21% 30% 
4 19% 33% 38% 31% 34% 
5 30% 34% 30% 14% 18% 

The emissions assessment is conducted in the same way as the target function value 
(see Tables 4 and 5). However, the opposite behavior can be observed as emissions 
increase as the number of alternatives and/or scenarios proposed also increases. Still, 
its percentage increase is lower than the improvement from the total results, which 
means that the model is still beneficial. 

Owing to these results, the contribution from both aspects in the development of 
the problem can be assessed. Here, robust optimization is used as a solution method 
for assessing problem behavior under different circumstances and as input for 
decision-making considering the effects of uncertainty. In addition, the inclusion of 
characteristics such as environmental factors within the target function allowed 
providing this contribution to the existing literature. Detailed experimentation is listed 
as an appendix. 

4.  Theoretical and managerial insights 

From a theoretical perspective, we highlight the following aspects: first, we present 
a new combination of the Inventory Routing Problem when disruptions occur, this 
modeling contributes to the understanding of the routing processes in cases of 
perturbations of the roads. Secondly, we analyze the trades off of the green factors in 
the distribution processes. Finally, we adapt a present an approach of robust 
optimization to analyze the different alternatives included in the mathematical 
modeling. 
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From the managerial perspective, our model support decision making when 
disruptions are present, in the same way the inclusion of the green factors when 
managing inventory and distribution problems allows to analyze the trades off 
between costs and emissions. 

5. Conclusions 

This work demonstrates the advantages of applying robust optimization to IRPTW 
(Inventory Routing Problem with Time Windows) problems, while still meeting 
customer demands within problem restrictions, but improving costs by considering 
the possible scenarios and alternatives in each context. 

The foregoing allows us to simulate a more realistic environment of the needs and 
restrictions of current logistics problems, thus providing a more accurate solution at 
the time of its implementation. However, one of its limitations is precisely the 
definition of the scenarios and alternatives assessed at the time of algorithm 
application, which were simulated under pre-defined parameters in this work. 

This implies a need for previous knowledge on the system implemented to clearly 
identify the scenarios and alternatives input into the model, as well as their intrinsic 
parameters and how they must be entered to prevent losing the advantages of the 
scheme proposed. 

As a method for evaluating route uncertainties, the minimax regret criteria foster 
making decisions based on occurrence probabilities, denoting adequate performance 
by improving results as the number of alternatives and/or scenarios assessed 
increases and reducing costs, thus supporting decision-making processes in situations 
of uncertainty. 

The contribution of this work is related to the combination of robust optimization 
applied to the Inventory Routing Problem combined with the evaluation of green 
factors, this becomes a powerful tool to analyze distribution problems when 
disruptions to roads are presented, the combination of these elements allows decision 
makers to contrast which is the best routing process when disruptions and green 
factors are included. Limitations of the proposal are related to the knowledge 
necessary to identify scenarios to the mathematical optimization model as they are 
considered as an input. Future work, implies to model disruption with different types 
of approximations and to develop algorithms to accelerate the solution of different size 
of instances. 
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Appendix 

This Appendix contains the experimentation conducted with the following 
characteristics: 
 Type: Identifies the type of instance used according to the descriptions 
presented in section 3 
 Abs: Identifies the number of Nodes assessed in the experiment 

 Alternatives No.: Identifies the number of possible alternatives 

 Scenarios No.: Identifies the number of possible scenarios 
 Selected Alternative: Identifies the alternative selected from all available 
alternatives 
 Selected Scenario: Identifies the scenario selected from all available scenarios 

 Emissions: Denotes the emissions for the selected alternative and scenario 

 Results: Denotes the experiment results for the selected alternative and 
scenario 

 Pure “No Emissions” Results: Denotes experiment results for the selected 
alternative and scenario minus emission costs 

 
Type 

 
Abs 

Alternative 
s No. 

Scenario 
s No. 

Selected 
Alternativ 

e 

Selected 
Scenari 

o 

Emission 
s 

 
Results 

Pure “No 
Emissions 
” Results 

HC H3 Abs1n5 1 1 1 1 131.6 
12252. 

3 12120.8 

HC H3 Abs1n5 1 2 1 1 161.6 
11453. 

6 11292.0 

HC H3 Abs1n5 1 3 1 3 131.6 
10560. 

0 10428.4 

HC H3 Abs1n5 1 4 1 2 181.6 9073.0 8891.4 
HC H3 Abs1n5 1 5 1 1 151.6 9183.6 9032.0 

HC H3 Abs1n5 2 1 1 1 191.6 
12527. 

5 12335.9 

HC H3 Abs1n5 2 2 1 2 161.6 8828.6 8667.0 
HC H3 Abs1n5 2 3 2 1 171.6 4928.2 4756.6 
HC H3 Abs1n5 2 4 1 1 161.6 6636.2 6474.7 
HC H3 Abs1n5 2 5 2 4 161.6 9022.4 8860.8 
HC H3 Abs1n5 3 1 3 1 131.6 8636.4 8504.8 
HC H3 Abs1n5 3 2 3 1 161.6 8440.7 8279.1 
HC H3 Abs1n5 3 3 3 2 161.6 5462.4 5300.8 
HC H3 Abs1n5 3 4 3 2 161.6 4389.9 4228.3 
HC H3 Abs1n5 3 5 3 2 161.6 4389.9 4228.3 
HC H3 Abs1n5 4 1 3 1 161.6 9829.7 9668.1 
HC H3 Abs1n5 4 2 1 2 161.6 7206.6 7045.0 
HC H3 Abs1n5 4 3 3 2 151.6 6386.9 6235.3 
HC H3 Abs1n5 4 4 3 4 161.6 4052.7 3891.1 
HC H3 Abs1n5 4 5 1 3 151.6 3817.2 3665.6 
HC H3 Abs1n5 5 1 4 1 151.6 6714.3 6562.7 
HC H3 Abs1n5 5 2 2 1 161.6 7979.7 7818.1 
HC H3 Abs1n5 5 3 1 3 151.6 4019.3 3867.7 
HC H3 Abs1n5 5 4 4 4 171.6 7595.0 7423.4 
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HC H3 Abs1n5 5 5 2 4 161.6 6887.2 6725.6 

HC H3 
Abs1n1 

0 
1 1 1 1 200.5 

14338. 
9 14138.5 

HC H3 
Abs1n1 

0 1 2 1 1 260.5 
18636. 

0 18375.5 

HC H3 
Abs1n1 

0 
1 3 1 2 220.5 

15021. 
4 14800.9 

HC H3 
Abs1n1 

0 
1 4 1 3 250.5 

16579. 
2 16328.7 

HC H3 
Abs1n1 

0 1 5 1 5 200.5 
15095. 

5 14895.0 

HC H3 
Abs1n1 

0 
2 1 1 1 270.5 

13802. 
8 13532.3 

HC H3 
Abs1n1 

0 
2 2 1 2 240.5 

14625. 
0 

14384.5 

HC H3 
Abs1n1 

0 
2 3 2 2 240.5 

15326. 
7 15086.2 

HC H3 
Abs1n1 

0 
2 4 2 4 190.5 

17252. 
6 17062.1 

HC H3 
Abs1n1 

0 
2 5 2 3 246.4 

12752. 
1 

12505.7 

HC H3 
Abs1n1 

0 
3 1 3 1 190.5 

11776. 
4 11585.9 

HC H3 
Abs1n1 

0 3 2 2 2 254.4 
14847. 

0 14592.5 

HC H3 
Abs1n1 

0 
3 3 1 1 230.5 

13895. 
8 

13665.3 

HC H3 
Abs1n1 

0 
3 4 2 1 220.5 

11024. 
6 10804.1 

HC H3 
Abs1n1 

0 3 5 3 5 190.5 
13790. 

1 13599.6 

HC H3 
Abs1n1 

0 
4 1 1 1 260.5 

18764. 
5 18504.0 

HC H3 
Abs1n1 

0 
4 2 4 1 240.5 

20373. 
3 

20132.8 

HC H3 
Abs1n1 
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